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Abstract
We present a candidate of anomaly and Wess Zumino action of the two dimen-
sional supergravity coupling with matters in a super-Weyl invariant regularization.
It is a generalization of the Weyl and the area preserving diffeomorphism invariant
formulation of two dimensional gravity theory.
July 1997
TOHO-FP-9755
OCHA-PP-102
1 Introduction
Recently two dimensional gravity theory coupling with scalar matter is discussed in
the Weyl invariant regularization [1][2][3][4][5][6]. In the standard diffeomorphism invari-
ant formulation the Weyl transformations become anomalous and the gauge parameter
of Weyl symmetry is propagating at the quantum level [7]. In contrast to the regulariza-
tion which respects the two dimensional diffeomorphisms, the Weyl invariant formulation
causes a breaking of the two dimensional diffeomorphisms. However the two dimen-
sional diffeomorphisms (Diff2) is not fully broken but the area preserving diffeomorphism
(SDiff) still remains invariant. The form of anomaly which possesses the Weyl and the
area-preserving diffeomorphism invariances has been constructed. Moreover a local form
of the Wess-Zumino (WZ) term is obtained using the general formalism in terms of the
coset coordinate of Diff2
SDiff
[6].
In this paper we will extend the discussions on the Weyl invariant gravity theory to
two dimensional (2D) supergravity theory. We present a candidate of anomaly satisfying
the Wess Zumino consistency condition assuming super-Weyl invariant reguralizations.
We also obtain the local WZ action for the anomaly. Although the diffeomorphism sym-
metries become anomalous the SDiff remains unbroken as in the bosonic case. In [8]
the author investigated an extension of area-preserving structure to 2D supergravity and
conjectured a non-local form of effective action invariant under the super extension of
area-preserving diffeomorphism . However the super-Weyl invariant anomaly which we
will give in this paper does not allow such super extension of the SDiff. The two di-
mensional local supersymmetries are fully anomalous in the present super Weyl invariant
formulation.
This paper is organized as follows. In section 2 we give a brief review of the 2D
supergravity invariant under diffeomorphism and the two dimensional supersymmetry.
The super-Weyl anomaly and WZ action are also given there. In section 3 we introduce
some super-Weyl invariant variables using a canonical transformation. The super-Weyl
invariant anomaly and WZ action is given in section 4. We present some discussions in
the last section
2 Super-Weyl anomaly and WZ term
Before going into the Super-Weyl invariant formulation of the two dimensional su-
pergravity we briefly review the diffeomorphism invariant formulation since our main
discussions are based on them. We follow the discussion of the reference [9] and use the
notations.
The two dimensional supergravity theory can be formulated by the Neveu-Schwarz-
Ramond superstring model. The classical action is given by
S0 = −
∫
d2x e
[
1
2
(gαβ∂αX∂βX − iψρ
α∇αψ) + χαρ
βραψ∂βX +
1
4
(ψψ)(χαρ
βραχβ)
]
,
(2.1)
where Xµ, ψµ, eα
a and χα are respectively the bosonic and fermionic string coordinates,
the zwei-bein and gravitino fields. The space-time indices is µ = 0, . . . , D − 1, which is
2
abbreviated in (2.1), and the world-sheet indices is α = 0, 1. The covariant derivative is
defined by
∇αψ ≡ (∂α +
1
2
̟αρ5)ψ, ̟α =
1
e
e aα ǫ
βγ∂βeγa + 2iχ¯αρ5ρ
βχβ . (2.2)
The action has local symmetries under the two dimensional diffeomorphisms, the local
Lorentz, the two dimensional world-sheet local supersymmetries, the Weyl rescaling, the
local fermionic transformations. The last one is a result from the property of the two
dimensional gamma matrixes. We will refer the Weyl rescaling and the local fermionic
transformations as ‘super-Weyl transformations (SW) ’.
In the regularization which respects Diff2 and the two dimensional world-sheet local
supersymmetries the SW symmetries cannot be maintained but become anomalous. The
SW anomaly satisfying the WZ consistency condition δA = 0 , has been given by
A = −ih¯k
∫
d2x[ R CW − 4 T¯ ρ5 ηW ], (2.3)
R ≡ 2 (ǫαβ∂α̟β), T ≡ ǫ
αβ ∇α χβ. (2.4)
where k is a constant and CW and ηW are ghost variables corresponding to the Weyl and
the local fermionic transformations respectively.
It is well-known that we can construct a local counter term for the anomaly by a
introducing extra field, the super Liouville mode. The following general method [10] the
WZ action is constructed [9] using Wely degrees of freedom σ and super-Wely degrees of
freedom η as,
M1 = h¯k S
SL = h¯k ( SSL0 + S
SL
1 ), (2.5)
with
SSL0 = −
∫
d2x e
{1
2
(gαβ∂ασ∂βσ − iηρ
α∇αη)− χαρ
βραη∂βσ +
1
4
ηηχαρ
βραχβ
}
,(2.6)
SSL1 = −
∫
d2x[R σ − 4 Tρ5η]. (2.7)
The WZ action verifies δM1 = iA off shell and the BRST transformations of the extra
variables are given by
δ0σ = ∂ασ C
α − ηω − CW ,
δ0η = ∂αηC
α +
1
2
ρ5ηCL + iρ
αω(∂ασ + ηχα)−
1
4
ηCW − ηW , (2.8)
where the ghosts for the diffeomorphisms, the local Lorentz and the two dimensional
world-sheet local supersymmetries are denoted as Cα, CL and ω respectively.
The field-antifield formalism is one of the most useful formalism to investigate the
gauge structure. The classical master equation (CME) , (S, S) = 0, which is defined in
the local functional space of fields and antifields, encodes all gauge structure of the theory
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[11]. The minimal proper solution of the CME is
S = S0
+ X∗ (∂αX C
α + ψω )
+ ψ∗ (∂αψ C
α +
1
2
ρ5ψ CL −
1
4
ψ CW − iρ
αω(∂αX − ψ χα))
+ eαa
∗ (∂βeα
a Cβ + eβ
a∂α C
β + ǫab eα
b CL +
1
2
eα
a CW + 2iχα ρ
a ω )
+ χα∗ ( ∂βχα C
β + χβ ∂αC
β +
1
2
ρ5χα CL +
1
4
χα CW +
i
4
ρα ηW +∇αω )
+ Cα
∗ ( ∂βC
α Cβ − iωραω )
+ CL
∗ ( ∂αCL C
α +
1
2
ωρ5ηW −̟α iωρ
αω)
+ ω∗ ( ∂αω C
α +
1
2
ρ5ω CL +
1
4
ω CW + χα (iωρ
αω))
+ CW
∗ ( ∂αCW C
α − ωηW )
+ ηW
∗ (∂αηW C
α +
1
2
ρ5ηW CL −
1
4
ηW CW − iρ
αω(∂αCW + χαηW )−
4
e
ω (ωρ5T ) )
−
1
2e
(ψ∗ω)(ψ∗ω). (2.9)
It is easy to read the BRST transformations of the fields. It contains a quadratic term of
the anti-field ψ∗ reflecting the fact that the two dimensional local supersymmetry algebra
on the spinor ψ closes only on shell of its equation of motion.
3 Super-Weyl invariant variables
Here we will consider the SW invariant formulation. In order to maintain the manifest
SW invariance it is useful to introduce the SW invariant variables [8]
X˜ = X, ψ˜ = e1/4 ψ,
e˜aα =
1
e1/2
eaα, χ˜α =
−1
2e1/4
ρβραχβ . (3.1)
They are not independent but satisfy identically
det e˜aα = 1, ρ˜
α χ˜α = 0, (3.2)
where Dirac matrix ρ˜α(x) is defined using e˜aα and the indices of χ˜
α and ρ˜α’s are lifted and
lowered by SW invariant metric g˜αβ and g˜αβ defined by e˜α
b and e˜βa.
Since the classical action S0 in (2.1) is invariant under SW transformations it is ex-
pressed in terms of the invariant variables
S˜0 = −
∫
d2x
[
1
2
(g˜αβ∂αX˜∂βX˜ − iψ˜ρ˜
α∇˜αψ˜)− 2 χ˜
β
ψ˜∂βX˜ −
1
2
(ψ˜ψ˜)(χ˜βχ˜β)
]
, (3.3)
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where the covariant derivative, which is invariant under SW transformations, is
∇˜αψ˜ = (∂α +
1
2
ρ5 ˜̟ α)ψ˜, ˜̟ α = e˜
a
α ǫ
ρσ∂ρe˜σa. (3.4)
The BRST transformations of new variables are obtained from (2.9) by making a
canonical transformation in the sense of anti-bracket formalism. The transformation (3.1)
is generated by the generating function
W (φ, φ˜∗) = X˜∗ X + ψ˜∗ (e
1
4 ψ) + e˜∗αa (
eaα
e
1
2
) + E∗ e
+ χ˜∗α (
−1
2e
1
4
ρβραχβ ) + χˆ
∗ ( i e
1
4 ρα χα )
+ C˜∗L ( CL − i ω¯ ρ5 ρ
α χα ) + C˜
∗
W
( CW + 2i ω¯ ρ
α χα )
+ C˜∗α C
α + ω˜∗ (
ω
e
1
4
) + η˜∗
W
( e
1
4 ηW ). (3.5)
It also defines SW invariant ghosts C˜α, ω˜ and C˜L and SW non-invariant fields E, χˆ, C˜W
and η˜W . In terms of new variables the solution S of CME in (2.9) becomes a sum of two
terms
S˜ = S˜inv + S˜non. (3.6)
The first term S˜inv contains only SW invariant variables as
S˜inv = S˜0 +
+ X˜∗ (∂αX˜ C
α + ψ˜ ω˜ )
+ ψ˜∗ (∂αψ˜ C
α +
1
2
ρ5 ψ˜ C˜L +
1
4
ψ˜ (∂β C
β) − iρ˜αω˜(∂αX˜ − ψ˜ χ˜α))
+ e˜α∗a ( ∂β e˜α
a Cβ + e˜β
a∂α C
β −
1
2
e˜α
a(∂β C
β) + ǫab e˜α
b C˜L + 2iχ˜α ρ
a ω˜ )
+ χ˜α∗ ( ∂βχ˜α C
β + χ˜β ∂αC
β −
1
4
χ˜α (∂β C
β) +
1
2
ρ5χ˜α C˜L + ∇˜αω˜ −
i
2
ρ˜αΩ )
+ Cα
∗ ( ∂βC
α Cβ − iω˜ρ˜αω˜ )
+ C˜∗L ( ∂αC˜L C
α − ω˜ ρ5 Ω − ˜̟ α iω˜ρ˜
αω˜)
+ ω˜∗ ( ∂αω˜ C
α +
1
2
ρ5 ω˜ C˜L −
1
4
ω˜ (∂β C
β) + χ˜α (iω˜ρ˜
αω˜))
−
1
2
(ψ˜∗ ω˜)(ψ˜∗ ω˜). (3.7)
where
Ω ≡ iρ˜α∇˜α ω˜ + 2 (χ˜γχ˜γ) ω˜. (3.8)
The remaining terms in S˜non contain the SW non invariant variables. Since the transfor-
mation is canonical, preserving the anti-brackets, S˜ is still satisfying the CME, (S˜, S˜) = 0.
Furthermore the first term S˜inv satisfies CME (S˜inv, S˜inv) = 0 by itself. In other words
we have introduced new ghosts C˜L, C˜W , etc. so that their BRST transformations are
closed. Actually if we start from the action S˜0 in (3.3) we obtain the S˜inv as the solution
of CME.
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4 SW invariant Anomaly and WZ action
The SW invariant anomaly is described by the SW invariant variables. In order to
find it, we first recognize that the forms of the BRST transformations of new variables
have the same structures as the corresponding original variables. S˜inv in (3.7) is obtained
from S in (2.9) by the following replacements :
eaα → e˜
a
α, χα → χ˜α, ω → ω˜, CL → C˜L, (4.1)
and
CW → − (∂αC
α), ηW → − 2 Ω. (4.2)
That is the Weyl ghost CW is replaced by a combination of diffeomorphism ghost −(∂C)
and the super Weyl ghost ηW is replaced by that of supersymmetry ghost −2Ω. Further-
more the transformation properties of (∂αC
α) and Ω are
δ(∂C) = ∂β(∂C)C
β − 2ω˜Ω (4.3)
δΩ = ∂αΩC
α +
1
2
ρ5ΩC˜L +
1
4
Ω(∂C) −
i
2
ρ˜αω˜(∂α(∂C) + 2χ˜αΩ) + 2ω˜(T˜ ρ5ω˜)(4.4)
which are also obtained from δCW and δηW by the same replacements.
Guided by the transformation properties of the new variables one can deduce a can-
didate of the SW invariant anomaly satisfying WZ consistency condition. Knowing the
SW non-invariant anomaly (2.3) and making the replacements (4.1) and (4.2) we obtain
ASW = −ih¯k
∫
d2x( − R˜ (∂C) + 8 T˜ ρ5 Ω ), (4.5)
where
R˜ = 2 ǫαβ∂α ˜̟ β, T˜ = ǫ
αβ∇˜αχ˜β. (4.6)
It is straightforward to show that it satisfies the WZ consistency condition
δ ASW = 0. (4.7)
That is ASW is the candidate of a SW invariant anomaly which would be obtained in
the SW invariant regularizations at one loop level.
Next we find the WZ action MSW1 for the SW invariant anomaly (4.5). It is the
solution of
δMSW1 (φ, θ) = i A
SW (4.8)
and is found as a function of the classical fields φ and the extra variables θ. The latter
are essentially anomalous gauge degrees of freedoms whose dynamical action is the WZ
term.
In the case of gravity they are finite diffeomorphism functions fµ(x). Since the SDiff is
non anomalous the WZ action is a function of only one degrees of freedom Θ parametrizing
the coset Diff
SDiff
. In the present case the local supersymmetry is also anomalous. The WZ
action is expected to be a function of a bosonic extra field Θ and a fermionic extra spinor
Ψ.
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The explicit form of the WZ action is obtained from the form of the SW non invariant
WZ term, i.e. super Liouville action (2.5)-(2.7), by the replacements (4.1) and
σ → − Θ, η → − Ψ. (4.9)
as
MSW1 = h¯k S
SW = h¯k ( SSW0 + S
SW
1 ), (4.10)
with
SSW0 = −
∫
d2x[
g˜αβ
2
∂αΘ∂βΘ−
i
2
Ψρ˜α∂αΨ+ 2(χ˜βΨ)∂βΘ−
1
2
(ΨΨ)(χ˜αχ˜α)] (4.11)
SSW1 = −
∫
d2x[−R˜Θ + 4T˜ ρ5Ψ]. (4.12)
It is noted that SSW0 is obtained from the classical action S˜0 in (3.3) by the replacements
X˜ → Θ and ψ˜ → −Ψ and SSW1 is obtained from the anomaly by the replacements
(∂C)→ Θ and 2Ω→ Ψ. The WZ action verifies
δ MSW1 = i A
SW (4.13)
off shell if the BRST transformations of the extra variables Θ and Ψ are introduced as
δ Θ = ∂αΘC
α − Ψω − (∂C), (4.14)
δ Ψ = ∂αΨC
α +
1
4
Ψ(∂C) +
1
2
ρ5ΨC˜L + iρ˜
αω(∂αΘ+Ψχ˜α) − 2Ω. (4.15)
They are deduced from the SW non invariant ones (2.8) by the replacements (4.1), (4.2)
and (4.9).
5 Discussions
In this paper we have discussed two dimensional supergravity under a SW invari-
ant regularization. We have found the candidate anomaly and the Wess Zumino action.
They are deduced from the properties of the BRST transformations of the SW invariant
supergravity multiplet. The crucial property is the correspondence of the BRST trans-
formations between the original and the SW invariant variables. The latter is obtained
from the former by the replacements (4.1) and (4.2),
CW → − (∂αC
α), ηW → − 2 Ω = − 2 [ iρ˜
α∇˜α + 2 (χ˜γχ˜γ) ] ω˜ . (5.1)
In the anomaly (4.5) the diffeomorphism ghosts Cα appears in the combination of (∂C).
It means that the diffeomorphism transformations with the infinitesimal parameter ǫα
satisfying
(∂αǫ
α) = 0, i.e. ǫα = ǫαβ ∂β ǫ, (5.2)
are not anomalous. The area preserving diffeomorphisms remain non anomalous as in the
bosonic theory. On the other hand supersymmetry ghosts ω appears in the combination
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of Ω. The local supersymmetry transformations would be non anomalous if the spinor
parameter ε˜ is satisfying
[ iρ˜α∇˜α + 2 (χ˜γχ˜γ) ] ε˜ = 0. (5.3)
However there found no local solutions of (5.3) unlike the case of (5.2). Furthermore
the WZ action (4.10) has no additional gauge symmetry. In the last paper[6] we have
shown that there appears additional gauge invariance of the WZ action if we would have
introduced extra variables associated to the non anomalous transformations. It follows the
degree of freedom of Ψ agrees with that of the fermionic anomalous transformations. We
can conclude that the all two dimensional world-sheet supersymmetries become anomalous
under the SW invariant regularization. It is also consistent with the fact that the number
of independent anomalies should be unchanged under different regularizations. It is equal
in the SW non-invariant and SW invariant regularizations.
The anomaly (4.5) would be obtained by the Pauli-Villars regularization using the
counter term
S˜M = −
∫
d2x
1
2
[ M2 X˜ X˜ − i M ψ˜ ψ˜ ]. (5.4)
It naturally breaks the local supersymmetries and area non-preserving diffeomorphism
while it is invariant under area preserving diffeomorphism , local Lorentz and SW trans-
formations.
The BRST transformation of the extra variables (4.15) is nilpotent only on shell of
equation of WZ action, [SSW ]Ψ = 0 ,
δ2 Θ = 0, δ2 Ψ = ω˜(ω˜[SSW ]Ψ) ∼ 0. (5.5)
The similar situation happened in the case of SW non-invariant formalism [9]. As in the
latter case it requires an additional term
−
1
2
(Ψ∗ ω˜)(Ψ∗ ω˜) (5.6)
in the quantum action. However the reasons of off shell non nilpotency are quite differ-
ent. In the latter the off shell non nilpotency arises from the fact that the non-anomalous
transformations ( local susy ) do not close but give anomalous ( super-Weyl ) transforma-
tions. In the present case the non anomalous transformations close by themselves. The off
shell non nilpotency comes from the fact that the local supersymmetry transformations
for the spinor Ψ close only on shell of its equation of motions.
It is interesting to find the relation of the extra variables Θ and Ψ with the local gauge
degrees of freedoms. In the case of two dimensional gravity theory Θ is expressed by the
finite diffeomorphism function fα(x) as
Θ(x) = ln(∆f)x=F (x), with F (f(x)) = x. (5.7)
The general framework to obtain such relations has been established [6]. It is also shown
that it is the coordinate parametrizing the coset Diff2
SDiff
. In the present supergravity case
the extra variables Θ and Ψ are regarded as the coordinates parametrizing the coset
8
Diff2×SUSYlocal
SDiff
. The analysis in the general formalism and the explicit form of the extra
variables in terms of finite gauge transformation parameters will be discussed elsewhere.
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